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QUANTIZATION OF SYMPLECTIC DYNAMICAL r-MATRICES AND
THE QUANTUM COMPOSITION FORMULA
ANTON ALEKSEEV AND DAMIEN CALAQUE
Abstrat. In this paper we quantize sympleti dynamial r-matries over a possibly
nonabelian base. The proof is based on the fat that the existene of a star-produt with a
nie property (alled strong invariane) is suient for the existene of a quantization. We
also lassify suh quantizations and prove a quantum analogue of the lassial omposition
formula for oboundary dynamial r-matries.
Introdution
Let h ⊂ g be an inlusion of Lie algebras and H ⊂ G the orresponding inlusion of
Lie groups. Let U ⊂ h∗ be an invariant open subset and let Z ∈ (∧3g)g. A (oboundary)
dynamial r-matrix is a h-equivariant map r : U → ∧2g satisfying the (modied) lassial
dynamial Yang-Baxter equation
1
2
[r(λ), r(λ)] −
∑
i
hi ∧
∂r
∂λi
(λ) = Z (λ ∈ U) ,
where (hi)i and (λ
i)i are dual bases of h and h
∗
, respetively. Then (following [14, 6℄)
(0.1) πr := πlin +
∑
i
∂
∂λi
∧
−→
hi +
−−→
r(λ) ,
together with Z, denes a H-invariant (g-)quasi-Poisson struture on M = U ×G. Here πlin
is the linear Poisson struture on U ⊂ h∗.
Suh a dynamial r-matrix is alled sympleti if the g-quasi-Poisson manifold (M,πr , Z) is
sympleti, i.e. if π#r : T
∗M → TM is invertible and Z = 0.
By a dynamial twist quantization of r(λ) we mean a h-equivariant map J = 1⊗1+O(~) :
U → ⊗2Ug[[~]] satisfying the semi-lassial limit ondition
J(λ) − J2,1(λ) = ~r(λ) +O(~2) (λ ∈ U)
and the modied dynamial twist equation
J12,3(λ) ∗PBW J
1,2(λ+ ~h(3)) = Φ−1J1,23(λ) ∗PBW J
2,3(λ) (λ ∈ U) .
where Φ ∈ (⊗3Ug)g[[~]] is an assoiator quantizing Z, of whih we know the existene from
[5, Proposition 3.10℄. Reall that ∗PBW is the Poinaré-Birkho-Witt star-produt given on
polynomial funtions as the pull-bak of the usual produt in U(h~)
1
by the symmetrization
map sym:S(h)[[~]]→ U(h~). We also made use of the following notations:
J12,3(λ) := (∆⊗ id)(J(λ)) and
J1,2(λ+ ~h(3)) :=
∑
k≥0
~
k
k!
∑
i1···ik
∂kJ
∂λi1 · · · ∂λik
(λ)⊗ hi1 · · ·hik .
In this paper we prove the following generalization of [13, Theorem 5.3℄ to the ase of a
nonabelian base:
1h~ = h[[~]] with braket [, ]~ := ~[, ]h .
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Theorem 0.1. Any sympleti dynamial r-matrix admits a dynamial twist quantization
(with Φ = 1).
Furthermore, two dynamial twist quantizations J1, J2 : U → ⊗
2Ug[[~]] of r are said to
be gauge equivalent if there exists a h-equivariant map T = 1+O(~) : U → Ug[[~]] suh that
T 12(λ) ∗PBW J1(λ) = J2(λ) ∗PBW T
1(λ+ ~h(2)) ∗PBW T
2(λ) .
In this ontext we also prove the following generalization of [13, Setion 6℄ to the ase of a
nonabelian base, asserting that dynamial twist quantizations are lassied by the seond
dynamial r-matrix ohomology (see Denition 3.2):
Theorem 0.2. Let r be a sympleti dynamial r-matrix. Then the spae of gauge equiva-
lene lasses of dynamial twist quantizations of r (with Φ = 1) is an ane spae modeled
on H2r (U, g)[[~]].
A lass of examples of sympleti dynamial r-matries is given by nondegenerate redutive
splittings. A redutive splitting g = h⊕m (with [h,m] ⊂ m) is alled nondegenerate if there
exists λ ∈ h∗ for whih ω(λ) ∈ ∧2m∗ dened by ω(λ)(x, y) =< λ, [x, y]|h > is nondegenerate.
Then rmh (λ) := −ω(λ)
−1 ∈ ∧2m ⊂ ∧2g denes a sympleti dynamial r-matrix on the
invariant open subset {λ|detω(λ) 6= 0} ⊂ h∗ (see [11, Proposition 1℄ or [14, Theorem 2.3℄; see
also [7, Proposition 1.1℄ for a more algebrai proof). Moreover, one an use it to ompose
dynamial r-matries (see [11, Proposition 1℄ and [7, Proposition 0.1℄):
Proposition 0.3 (The omposition formula). Assume that h = t ⊕ m is a nondegenerate
redutive splitting and let rmt : t
∗ ⊃ V → ∧2h be the orresponding sympleti dynamial
r-matrix. If ρ : h∗ ⊃ U → ∧2g is a dynamial r-matrix with Z ∈ (∧3g)g, then
θρ := r
m
t + ρ|t∗ : t
∗ ⊃ U ∩ V −→ ∧2g
is a dynamial r-matrix with the same Z.
We prove that one an quantize the map ρ 7→ θρ:
Theorem 0.4. With the hypothesis of Proposition 0.3, there exists a map
Θ : {Dynamial twist quantizations of ρ} −→ {Dynamial twist quantizations of θρ}
whih keeps the assoiator Φ xed.
The paper is organized as follows.
In Setion 1 we rst reall basi fats about quasi-Poisson manifolds, ompatible quantiza-
tions and related results. We then give a suient ondition for the existene of dynamial
twist quantizations.
In Setion 2 we give a very short proof of Theorem 0.1, using a result stating the existene
of a quantum momentum map (see also [10, 12℄) whih is based on Fedosov's well-known
globalization proedure [8, 9℄. We start the setion with a summary of basi ingredients of
Fedosov's onstrution.
In Setion 3 we prove Theorem 0.2 using a variant of the well-established lassiation of
star-produts on a sympleti manifold by formal series with oeients in the seond De
Rham ohomology group of the manifold.
In Setion 4 we prove a quantum analogue of the omposition formula for lassial dynamial
r-matries. We start with a new proof of the lassial omposition formula (Proposition 0.3)
using (quasi-)Poisson redution. We then derive its quantum ounterpart (Theorem 0.4)
using quantum redution.
Notations. We denote by Oh∗ = S(h) polynomial funtions on h
∗
, OU = C
∞(U) ⊃ Oh∗
smooth funtions on U ⊂ h∗, and OG the ring of smooth funtions on the (eventually formal)
Lie group G. For any element x ∈ g we denote by −→x (resp. ←−x ) the orresponding left (resp.
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right) invariant vetor eld on G.
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1. A suffiient ondition for the existene of a dynamial twist
quantization
Let r : h∗ ⊃ U → ∧2g be a oboundary dynamial r-matrix. Denote by πr the bivetor
eld on M = U ×G given by (0.1).
1.1. Quasi-Poisson manifolds and their quantizations. Reall from [1, 2℄ that a (g-)
quasi-Poisson manifold is a manifold X together with a g-ation ρ : g→ X(X), an invariant
bivetor eld π ∈ Γ(X,∧2TX)g and an element Z ∈ (∧3g)g suh that
(1.1) [π, π] = ρ(Z) .
Let {f, g} :=< π, df ∧ dg > (f, g ∈ OX) be the orresponding quasi-Poisson braket. Then
equation (1.1) is equivalent to
{{f, g}, h}+ {{h, f}, g}+ {{g, h}, f} =< ρ(Z), df ∧ dg ∧ dh > (f, g, h ∈ OX) .
One an dene the quasi-Poisson ohain omplex of (X, π, Z) as follows: k-ohains are
Ckpi(X) = Γ(X,∧
kTX)g and the dierential is dpi = [π,−]. The fat that dpi ◦ dpi = 0 follows
from an easy alulation:
dpi ◦ dpi(x) = [π, [π, x]] =
1
2
[[π, π], x] =
1
2
[ρ(Z), x] = 0 (x ∈ Ckpi(X)) .
Let us now x an assoiator Φ ∈ (⊗3Ug)g[[~]] quantizing Z (we know it exists from [5,
Proposition 3.10℄). Following [6, Denition 4.4℄, by a quantization of a given quasi-Poisson
manifold (X, π, Z) we mean a series ∗ ∈ Bidiff(X)g[[~]] of invariant bidierential operators
suh that
• f ∗ g = fg +O(~) for any f, g ∈ OX ,
• f ∗ g − g ∗ f = ~{f, g}+O(~2) for any f, g ∈ OX , and
• if we write m∗(f ⊗ g) := f ∗ g for f, g ∈ OX , and Φ˜ := S
⊗3(Φ−1), then2
(1.2) m∗ ◦ (m∗ ⊗ id) = m∗ ◦ (id⊗m∗) ◦ ρ
⊗3(Φ˜) .
Here, S denotes the antipode of Ug.
One has a natural notion of gauge transformation for quantizations. It is given by an
element Q = id +O(~) ∈ Diff(X)g[[~]] that at on ∗'s in the usual way:
f ∗(Q) g := Q−1(Q(f) ∗Q(g)) (f, g ∈ OX) .
More preisely, if (Φ, ∗) is a quantization of (Z, π) then (Φ, ∗(Q)) is also. In this ase we say
that ∗ and ∗(Q) are gauge equivalent.
2
We thank Pavel Etingof for pointing to us that one has to use
eΦ instead of Φ in this denition.
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1.2. Classial and quantum momentum maps. Let (X, π, Z) be g-quasi-Poisson mani-
fold and let G be a Lie algebra with Lie group G. A momentum map is a smooth g-invariant
map µ :M → G∗ suh that µ∗π = πlin and for whih the orresponding innitesimal ation
G → X(X);x 7→ {µ∗x,−} integrates to a right ation of G.
Let us desribe the redution proedure with respet to a given momentum map µ. First
of all G ats on µ−1(0) and hene one an dene the redued spae Xred := µ
−1(0)/G. Let
us assume that it is smooth (this is the ase when 0 is a regular value and G ats freely);
its funtion algebra is OXred = O
G
X/(O
G
X ∩ I0), where I0 is the ideal generated by im(µ
∗).
Sine µ is g-invariant then g ats on µ−1(0). Moreover the g-ation and the G-ation om-
mute (beause π and µ are g-invariant), onsequently g also ats on Xred. Now observe that
OGX = {f ∈ OX |{f, I0} ⊂ I0}, therefore the quasi-Poisson braket {, } naturally indues a
quasi-Poisson braket (with the same Z) on OXred . In other words, Xred inherits a struture
of a quasi-Poisson manifold from the one of X .
Now assume that we are given a quantization (∗,Φ) of the quasi-Poissonmanifold (X, π, Z).
By a quantum momentum map quantizing µ we mean a map of algebras
M = µ∗ +O(~) : (OG∗ [[~]], ∗PBW ) −→ (OX [[~]], ∗)
taking its values in g-invariant funtions, and suh that for any f ∈ OX and any x ∈ G one
has [M(x), f ]∗ = ~{µ
∗x, f}.
Remark 1.1. One only needs to know M on linear funtions x ∈ G.
Let us desribe the quantum redution with respet to a given quantum momentum map
M. First denote by I the right ideal generated by im(M) in (OX [[~]], ∗) and observe that
its normalizer is OhX [[~]]. Therefore O
h
X [[~]] ∩ I is a two-sided ideal in O
h
X [[~]], and we an
dene the redued algebra A := OhX [[~]]/O
h
X [[~]] ∩ I. Sine I
∼= I0[[~]] then A ∼= OXred [[~]]
(as R[[~]]-modules). It is easy to see that the indued produt on OXred [[~]], together with
Φ, gives a quantization of the quasi-Poisson struture on Xred.
A quantization ∗ of a quasi-Poisson manifold (M,π, Z) with a momentum map µ : M →
G∗ for whih µ∗ itself denes a quantum momentum map (it will be M = U(µ∗) ◦ sym) is
alled strongly (G-)invariant.
1.3. Compatible quantizations. Let us rst observe that πr denes a quasi-Poisson stru-
ture on M = U ×G. Here the ation is g ∋ x 7→ ←−x ∈ X(M) (it generates left translations).
Remark that sine Z ∈ (∧3g)g then
←−
Z =
−→
Z . Moreover, the natural mapM → h∗, (λ, g) 7→ λ
is a momentum map and the orresponding right H-ation is given by (λ, g) ·h := (Ad∗hλ, gh)
(following the notation of the previous § we have G = h). Conversely,
Proposition 1.2 ([14℄, Proposition 2.1). A map ρ ∈ C∞(U,∧2g) is a oboundary lassial
dynamial r-matrix if and only if
π = πlin +
∑ ∂
∂λi
∧
−→
hi +
−−→
ρ(λ)
denes a g-quasi-Poisson struture on U ×G.
Proof. The proof given in [14℄ is for the ase when Z = 0, but it admits a straightforward
generalization. 
Following Ping Xu ([14℄), by a ompatible quantization of πr we mean a quantization ∗
′
whih is suh that for any u, v ∈ Oh∗ and any f ∈ OG, u ∗
′ v = u ∗PBW v, f ∗
′ u = fu and
(1.3) u ∗′ f =
∑
k≥0
~
k
k!
∑
i1,...,ik
∂ku
∂λi1 · · · ∂λik
−→
hi1 · · ·
−→
hik · f .
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Proposition 1.3. There is a bijetive orrespondene between ompatible quantizations of
πr and dynamial twist quantizations of r.
Proof. Let ∗′ be a ompatible quantization of πr. Sine ∗
′
isG-invariant then for all f, g ∈ OG
one has
(f ∗′ g)(λ) =
−−→
J(λ)(f, g) (λ ∈ h∗)
with J : U → ⊗2Ug[[~]]. Moreover
Lemma 1.4. ∗′ is strongly h-invariant3.
Proof of the lemma. Let f = gu (g ∈ OG and u ∈ Oh∗) on U ×G. Then for any h ∈ h one
has
h ∗′ f − f ∗′ h = h ∗′ (gu)− (gu) ∗′ h = h ∗′ (g ∗′ u)− (g ∗′ u) ∗′ h
= (h ∗′ g) ∗′ u− g ∗′ (u ∗′ h) (Φ ats trivialy)
= (g ∗′ h+ ~(
−→
h · g)) ∗′ u− g ∗′ (u ∗′ h)
= g ∗′ ([h, u]∗′) + ~(χh · g) ∗
′ u = g([h, u]∗PBW ) + ~(χh · g)u
= ~(g(χh · u) + (χh · g)u) = ~(χh · f)
Hene for any f ∈ OM , h ∗ f − f ∗ h = ~(χh · f). 
Therefore using [14, Proposition 3.2℄ one obtains that J is H-equivariant. The following
lemma ends the rst part of the proof:
Lemma 1.5. J satises the dynamial twist equation.
Proof of the lemma. Let us dene L : g ∋ x 7→ −→x and R : g ∋ x 7→ ←−x , and denote by
m(n) : O⊗nM → OM ; f1 ⊗ · · · ⊗ fn 7→ f1 · · · fn the standard n-fold produt of funtions. A
omputation in [14℄ emphases the fat that for all f, g, h ∈ OG, one has
4
m∗′ ◦ (m∗′ ⊗ id)(f ⊗ g ⊗ h) =
−−−−−−−−−−−−−−−−−−−−−−→
J12,3(λ) ∗PBW J
1,2(λ+ ~h(3))(f ⊗ g ⊗ h)
and
m∗′ ◦ (id⊗m∗′)(f ⊗ g ⊗ h) =
−−−−−−−−−−−−−−−−→
J1,23(λ) ∗PBW J
2,3(λ)(f ⊗ g ⊗ h) .
Therefore,
m∗′ ◦ (id⊗m∗′) ◦R
⊗3(Φ˜)(f ⊗ g ⊗ h) = m(3)
(
L
⊗3(J1,23(λ) ∗PBW J
2,3(λ))R⊗3(Φ˜)(f ⊗ g ⊗ h
)
)
= m(3)
(
R
⊗3(Φ˜)L⊗3(J1,23(λ) ∗PBW J
2,3(λ))(f ⊗ g ⊗ h)
)
=
←−−−−−−
S⊗3(Φ−1)
(
L
⊗3(J1,23(λ) ∗PBW J
2,3(λ))(f ⊗ g ⊗ h)
)
=
−−→
Φ−1
(
L
⊗3(J1,23(λ) ∗PBW J
2,3(λ))(f ⊗ g ⊗ h)
)
=
−−−−−−−−−−−−−−−−−−−→
Φ−1J1,23(λ) ∗PBW J
2,3(λ)(f ⊗ g ⊗ h) ,
where the equality before the last one follows from the invariane of Φ. This ends the proof
of the lemma. 
Conversely, let J =
∑
α fαAα ⊗ Bα be a dynamial twist quantization of r (fα ∈ OU [[~]]
and Aα, Bα ∈ Ug). Following [14℄ we dene a G-invariant produt ∗
′
on OM [[~]] by
g1 ∗
′ g2 :=
∑
k≥0,α
~
k
k!
∑
i1,...,ik
fα ∗PBW (
−→
Aα ·
∂kg1
∂λi1 · · · ∂λik
) ∗PBW (
−→
Bα
−→
hi1 . . .
−→
hik · g2) .
3
In partiular ∗
′
isH-invariant. It was not notied in [14℄, where the denition of ompatible star-produts
inludes this H-invariane property. The lemma laims that it omes for free (like in the lassial situation).
4
The reader must pay attention to the following important remark: for any P ∈ ⊗nUg we denote by
−→
P (resp.
←−
P ) the orresponding left (resp. right) invariant multidierential operator, while L⊗n(P ) (resp.
R⊗n(P )) is an element in ⊗nDi(G)Gleft (resp. ⊗nDi(G)Gright ). Namely,
−→
P = m(n) ◦
`
L⊗n(P )
´
.
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One an hek by diret omputations that h-equivariane of J implies strong h-invariane
of ∗′, and that the dynamial twist equation implies equation (1.2). 
Remark 1.6. Sine Oh∗ = S(h) is generated as a vetor spae by h
n
, h ∈ h and n ∈ N,
then one an rewrite ondition (1.3) as
hn ∗′ f =
n∑
k=0
~
kCkn(
−→
h k · f)hn−k .
We saw in Lemma 1.4 that a ompatible quantization always satises the strongly h-
invariane ondition. In what follows we show that this ondition is atually suient for
the existene of a ompatible quantization.
1.4. A suient ondition for the existene of a ompatible quantization.
Proposition 1.7. Assume that we are given a strongly h-invariant quantization ∗ of πr on
M . Then there exists a gauge equivalent ompatible quantization ∗′ of πr. Therefore there
exists a dynamial twist quantization J of r.
Proof. First observe that h ∗ h′− h′ ∗ h = ~[h, h′]h = [h, h
′]h~ . Therefore we have an algebra
morphism
a : U(h~) −→ (OM , ∗) .
Then dene the algebra morphism Q : Oh∗×G = S(h)⊗OG −→ OM as follows:
Q(fu) = f ∗ a(sym(u)) (u ∈ S(h), f ∈ OG) ,
where sym : S(h)[[~]] −→ U(h~) is the isomorphism sending h
n
to hn for any h ∈ h. Thus
Q(hn⊗f) = f ∗h ∗ · · · ∗ h︸ ︷︷ ︸
n times
, and sine ∗ an be expressed as a seriesm0+O(~) of bidierential
operators on M then Q an be expressed as a series id+O(~) of dierential operators onM .
Moreover it is obviously g-invariant (sine ∗ is), onsequently we have a new quantization ∗′
of πr, gauge equivalent to ∗, dened as follows: for any f, g ∈ OM ,
f ∗′ g = Q−1(Q(f) ∗Q(g)) .
Let us now hek that ∗′ satises all Xu's properties for ompatible quantizations.
• for any u, v ∈ S(h),
u ∗′ v = Q−1
(
a(sym(u)) ∗ a(sym(v)
)
= Q−1
(
a(sym(u)sym(v))
)
= Q−1
(
a(sym(u ∗PBW v))
)
= u ∗PBW v
• let u ∈ S(h) and f ∈ OG, then f ∗
′ u = Q−1
(
f ∗ a(sym(u))
)
= fu. Let us now
ompute u ∗′ f ; we an assume that u = hn, h ∈ h, and then
u ∗′ f = Q−1
(
a(sym(u)) ∗ f
)
= Q−1
(
h ∗ · · · ∗ h︸ ︷︷ ︸
n times
∗f
)
= Q−1
( n∑
k=0
Ckn~
k(
−→
h k · f) ∗ h ∗ · · · ∗ h︸ ︷︷ ︸
n−k times
)
=
n∑
k=0
~
kCkn(
−→
h k · f)hn−k
• sine ∗ is a H-invariant star-produt, then Q is a H-invariant gauge equivalene.
Therefore ∗′ is also H-invariant.
The proposition is proved. 
Remark 1.8. The gauge transformation Q onstruted above obviously satises Q(h) = h
for any h ∈ h.
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2. Quantization of sympleti dynamial r-matries
In this setion we prove Theorem 0.1. We start by realling Fedosov's onstrution of
star-produts on a sympleti manifold (for more details we refer to [8, 9℄).
2.1. Fedosov's star-produts. Let (M,ω) a sympleti manifold and denote by π = ω−1
the orresponding Poisson bivetor. Then its tangent bundle TM inherits a Poisson struture
π˜ expressed loally as
π˜ = πij(x)
∂
∂yi
∧
∂
∂yj
,
where yi's are oordinates in the bers. This Poisson struture is regular and onstant on
the sympleti leaves whih are the bers TxM of the bundle. Therefore it is quantized
by the series of berwize bidierential operators exp (~π˜). It denes an assoiative produt
◦ on setions of W = Sˆ(T ∗M)[[~]] that naturally extends to Ω∗(M,W ). The enter of
(Ω∗(M,W ), ◦) onsists of forms that are onstant in the bers, i.e. lying in Ω∗(M)[[~]].
By assigning the degree 2k + l to setions of ~kSm(T ∗M) there is a natural dereasing
ltration
W = W0 ⊃W1 ⊃ · · · ⊃Wi ⊃Wi+1 ⊃ · · · ⊃ OM .
Now x (one and for all) a torsion free onnetion ∇ on M with Christoel's symbols
Γkij . One an assume without loss of generality that it is sympleti (see [9, Setion 2.5℄),
whih means that ω is parallel w.r.t. ∇. Then onsider
∂ : Ω∗(M,W )→ Ω∗+1(M,W )
its indued ovariant derivative. In Darboux loal oordinates we have
∂ = d+
1
~
[Γ,−]◦ ,
where Γ = − 12Γijky
iyjdxk is a loal 1-form with values in W (Γijk = ωilΓ
l
jk). One has
∂2 = −
1
~
[R,−]◦
where R = 14Rijkly
iyjdxk∧dxl, and Rijkl = ωimR
m
jkl is the urvature tensor of the sympleti
onnetion ∇.
Let us onsider more general derivations of (Ω∗(M,W ), ◦) of the form
D = ∂ − δ +
1
~
[r,−]◦
where r ∈ Ω1(M,W ) and δ = 1
~
[ωijy
idxj ,−]◦. A simple alulation yields that
D2 = −
1
~
[Ω,−]◦
where Ω = ω+R+δr−∂r− 1
~
r2 ∈ Ω2(M,W ) is alled theWeyl urvature of D. In partiular
D is at (i.e. D2 = 0) if and only if Ω ∈ Ω2(M)[[~]] (i.e. is a entral 2-form), and in this ase
the Bianhi identity for ∇ implies that dΩ = DΩ = 0.
In omputing D2 one sees that δ : Ω∗(M,Wk) → Ω
∗+1(M,Wk−1) has square zero and
that the torsion freeness of ∇ implies δ∂ + ∂δ = 0. Then we dene a homotopy operator
κ : Ω∗(M,Wk)→ Ω
∗−1(M,Wk+1) on monomials a ∈ Ω
p(M,Sq(T ∗M)): if p+ q 6= 0 then
κ(a) =
1
p+ q
yi∂dxia
and otherwise κ(a) = 0. One easily hek that κ2 = 0 and δκ+ κδ = id− σ where
σ : Ω∗(M,W )→ C∞(M)[[~]], a 7→ a|dxi=yi=0
is the projetion onto 0-forms onstant in the bers.
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Theorem 2.1 (Fedosov). For any losed 2-form Ω = ω +O(~) ∈ Z2(M)[[~]] there exists a
unique r ∈ Ω1(M,W3) suh that κ(r) = 0 and
D = ∂ − δ +
1
~
[r,−]◦
has Weyl urvature Ω and is therefore at.
Proof. First observe that Ω = ω +R+ δr − ∂r − 1
~
r2 with κ(r) = 0 if and only if
(2.1) r = κ(Ω− ω −R+ ∂r +
1
~
r2) .
Sine ∂ preserves the ltration and κ raises its degree by 1 then κ(Ω−ω−R) ∈ Ω1(M,W3)
and the sequene (rn)n≥3 dened by the iteration formula
(2.2) rn+1 = r0 + κ(∂rn +
1
~
r2n)
with r3 = κ(Ω− ω−R) onverges to a unique element r ∈ Ω
1(M,W3) whih is a solution of
equation (2.1). We have proved the existene.
Conversely, for any solution r ∈ Ω1(M,W3) of (2.1) dene rk = r mod Wk+1. Then
r3 = κ(Ω− ω −R) and the sequene (rn)n≥3 satises (2.2). Uniity is proved. 
Suh a at derivation D is alled a Fedosov onnetion (of ∇-type). The previous theorem
laims that they are in bijetion with series Ω of losed two forms starting with ω.
Theorem 2.2 (Fedosov). If D is a Fedosov onnetion then for any f0 ∈ C
∞(M)[[~]] there
exists a unique D-losed setion f ∈ Γ(M,W ) suh that σ(f) = f0. Hene σ establishes an
isomorphism between Z0D(W ) and C
∞(M)[[~]].
Proof. Let f0 ∈ C
∞(M)[[~]]. One has D(f) = 0 with σ(f) = f0 if and only if
(2.3) f = f0 + κ(∂f +
1
~
[r, f ]◦) .
Like in the proof of Theorem 2.1 we an solve (uniquely) this equation with the help of an
iteration formula: fn+1 = f0 + κ(∂fn +
1
~
[r, fn]◦). 
Then f ∗ g = σ(σ−1(f) ◦ σ−1(g)) denes a star-produt on C∞(M)[[~]] that quantizes
(M,ω). A star-produt onstruted this way is alled a Fedosov star-produt (of ∇-type) and
is uniquely determined, one ∇ is xed, by its harateristi 2-form
ω~ :=
1
~
(Ω− ω) ∈ Z2(M)[[~]] .
Moreover one an easily prove the following
Lemma 2.3 ([4℄). Let ω
(i)
~
=
∑
k>0 ~
k−1ω
(i)
k ∈ Z
2(M)[[~]] (i = 1, 2) and denote by ∗i the
Fedosov star-produt with harateristi two-form ω
(i)
~
. If ω
(1)
~
= ω
(2)
~
+O(~k) then
∗(1) − ∗(2) = ~k+1π#(ω
(1)
k − ω
(2)
k ) +O(~
k+2) .
2.2. Fedosov's onstrution in the presene of symmetries. Let (M,ω) a sympleti
manifold. Let us prove two results on the ompatibility of Fedosov's onstrution with group
ations and hamiltonian vetor elds.
Proposition 2.4 (Fedosov). Assume that a group G ats on (M,ω) by sympletomorphisms
and is equipped with a G-invariant torsion free onnetion. Then for any ω~ ∈ Z
2(M)G[[~]]
the orresponding Fedosov star-produt is G-invariant.
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Proof. First observe that starting from a G-invariant torsion free onnetion ∇ one an
assume without loss of generality that it is sympleti (see the proof of Proposition 5.2.2 in
[9℄, where all expressions beome obviously G-invariant).
Then, being a sympletomorphism of (M,ω), any element g ∈ G ats via its dierential dg
on (TM, π˜) as a Poisson automorphism linear in the bers. Then its dual map g∗ : T ∗M →
T ∗M dened by < g∗ξ, x >=< ξ, dg(x) > extends to W as an automorphism.
Finally, we need to prove that g∗ preserves the Fedosov onnetion with Weyl urvature
Ω = ω + ω~. On one hand the automorphism g
∗
ommutes with ∂ (sine ∇ is assumed to
be G-invariant) and so g∗R = R. On the other hand g∗ also ommutes with δ and κ, thus
if r is a solution of equation (2.1) with κ(r) = 0 then so is g∗r. By uniqueness g∗r = r. We
are done. 
Proposition 2.5 (Fedosov). Let H ∈ OM suh that χ = {H, ·} preserves a torsion free
onnetion on M . Then for any ω~ ∈ Z
2(M)[[~]] suh that ιχω~ = 0 the orresponding
Fedosov star-produt ∗ satises H ∗ f − f ∗H = ~(χ · f) for any f ∈ OM .
Proof. First observe that Lχω~ = (dιχ+ιχd)ω = 0. Therefore, the innitesimal version of the
previous proof ensures us that the Fedosov onnetion D with Weyl urvature Ω = ω + ω~
is LX-equivariant. Hene in loal Darboux oordinates it writes D = d +
1
~
[γ,−]◦ with
Lχγ = 0, and Ω = −dγ −
1
~
γ2. Let us ompute
D(H − ιχγ) = dH − dιχγ −
1
~
[γ, ιχγ]◦ = ιχΩ+ ιχdγ +
1
~
[ιχγ, γ]◦
= ιχ(Ω + dγ +
1
~
γ2) = 0
Sine σ(H − ιχγ) = σ(H) = H , it means that σ
−1(H) = H − ιχγ in loal Darboux oordi-
nates. Consequently, for any f ∈ OM [[~]]
H ∗ f − f ∗H = σ
(
[H − ιχγ, σ
−1(f)]◦
)
= σ
(
− [ιχγ, σ
−1(f)]◦
)
= σ
(
− ιχ~(D − d)σ
−1(f)
)
= ~σ
(
ιχdσ
−1(f)
)
= ~σ
(
Lχσ
−1(f)− dιχσ
−1(f)
)
= ~Lχ(f) = ~(χ · f)
The proposition is proved. 
2.3. Proof of Theorem 0.1. Let r : U → ∧2g a sympleti dynamial r-matrix. A basis
B of vetor elds on M = U ×G is given by B = (. . . , ∂λi , . . . , . . . ,
−→ei , . . . ) where (λ
i)i is a
base of h∗ and (ei)i is a base of g. Then one denes a torsion free onnetion ∇ on M as
∇bX =
1
2
[b,X ]
(
b ∈ B, X ∈ X(M)
)
.
Remark that [χh, b] ∈ spanRB for any b ∈ B. Therefore it follows immediately from the
Jaobi identity that ∇ is h-invariant: for all X,Y ∈ X(M) and h ∈ h,
[χh,∇XY ] = ∇[χh,X]Y +∇X [χh, Y ] .
Thus from Proposition 2.5 the Fedosov star-produt ∗ with the trivial harateristi 2-form
is strongly h-invariant. Moreover ∇ is obviously G-invariant, hene Proposition 2.4 implies
that ∗ is also G-invariant.
Finally, we apply Proposition 1.7 to onstrut a ompatible quantization of πr. We are
done. ✷
3. Classifiation
Let r : h∗ ⊃ U → ∧2g a dynamial r-matrix. Denote by πr the orresponding H-invariant
g-quasi-Poisson struture (0.1) on M = U ×G (together with Z ∈ (∧3g)g).
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3.1. Strongly invariant equivalenes and obstrutions. By a strongly invariant equiva-
lene between two strongly h-invariant quantizations of πr we mean aH-invariant equivalene
Q (namely, Q = id +O(~) ∈ Diff(M)
G×H
[[~]]) satisfying Q(h) = h for any h ∈ h ⊂ OM . We
will now develop an analogue of the usual obstrution theory in this ontext.
Let us denote by b the Hohshild oboundary operator for ohains on the (ommutative)
algebra OM . We start with the following result whih is a variant of a standard one.
Proposition 3.1. Suppose that ∗1 and ∗2 are two strongly invariant quantizations of πr:
f ∗i g =
∑
k≥0
~
kCik(f, g) (i = 1, 2) .
Assume that ∗1 and ∗2 oinide up to order n, i.e. C
1
k = C
2
k if k ≤ n. Then
(1) there exists B ∈ Γ(M,∧2TM)G×H and E ∈ Diff(M)G×H suh that B(h,−) = 0 and
E(h) = 0 if h ∈ h ⊂ Oh∗ , [πr, B] = 0, and satisfying
(C1n+1 − C
2
n+1)(f, g) = B(f, g) + (bE)(f, g) (f, g ∈ OM ) ;
(2) there exists P ∈ Diff(M)G×H suh that C1 = πr + bP and P (h) = 0 for h ∈ h;
(3) if B = [πr , X ], X ∈ X(M)
G×H
suh that X(h) = 0, then the strongly invariant
equivalene Q = 1 + ~nX + ~n+1(E + [X,P ]) transforms ∗1 into another strongly
invariant star-produt whih oinides with ∗2 up to order n+ 1.
Proof. We use a similar argument as in [13, 3, 4℄.
(1) It is well-known that b(C1n+1 − C
2
n+1) = 0. Hene we may write
C1n+1 − C
2
n+1 = B + b(E0)
where B ∈ Γ(M,∧2TM)G×H is the skew-symmetri part of C1n+1−C
2
n+1 and E0 ∈ Diff(M).
Moreover, one knows (see e.g. [4℄) that [πr, B] = 0, and it follows diretly from the strong
h-invariane property for ∗1 and ∗2 that B(h,−) = 0 if h ∈ h.
Sine U ×G admits a G×H-invariant onnetion and b(E0) is obviously G×H-invariant,
then aording to [3, Proposition 2.1℄ we an assume that E0 is G×H-invariant. In partiular
E0 is G-invariant and hene E0(f), f ∈ OU , is a funtion on U only. Thus we an dene
a H-invariant vetor eld ~v on U as follows: < dh,~v >= E0(h) for any h ∈ h ⊂ OU . Now
E := E0 − ~v satises all the required properties and b(E) = b(E0)− b(~v) = b(E0).
(2) It is standard that C1 = πr + b(P0). By repeating a similar argument as in (1) we an
prove that P0 an be hosen so that P0 = P ∈ Diff(M)
G×H
and satises P (h) = 0 for any
h ∈ h.
The third statement (3) follows from an easy (and standard) alulation. 
This proposition means that obstrutions to strongly invariant equivalenes are in the
seond ohomology group of the subomplex C∞(U,∧∗g)h in the H-invariant quasi-Poisson
ohain omplex of (M,πr , Z). On suh ohains c the (quasi-)Poisson oboundary operator
[πr,−] redues to dr(c) := hi ∧
∂c
∂λi + [r, c].
Denition 3.2. The ohomology H∗r (U, g) of this ohain omplex is alled the dynamial
r-matrix ohomology assoiated to r : U → ∧2g.
3.2. Classiation of strongly invariant star-produts. Now assume that the quasi-
Poisson manifold (M,πr) is atually sympleti and denote by ωr the sympleti form; it
is G × H-invariant and satises ιχhω = 0 for any h ∈ h ⊂ Oh∗ . The G × H-invariant
isomorphism
π#r : T
∗M−˜→TM
extends to a G×H-invariant isomorphism of ohain omplexes
(Ω∗(M), d)−˜→(Γ(M,∧∗TM), [πr,−])
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whih restrits to an isomorphism
(Ω∗h(M)
G, d)−˜→(C∞(U,∧∗g)h, dr) ,
where Ω∗h(M) := {α ∈ Ω
∗(M)H |ιχhα = 0 , ∀h ∈ h}.
Let us x one and for all a sympleti G×H-invariant onnetion ∇ on M (we know it
exists) and remember from the previous setion that for any ω~ ∈ ~Ω
2(M)G×H [[~]] suh that
dω~ = 0 there exists a (unique) G×H-invariant Fedosov star-produt ∗ with harateristi
2-form ω~. Moreover, if ω~ ∈ Ω
2
h(M)[[~]] then Proposition 2.5 implies that ∗ is strongly
h-invariant. Therefore we an assoiate a strongly invariant quantization of πr (whih is
atually a Fedosov star-produt) to any losed two form ω~ ∈ Ω
2
h(M)
G[[~]].
In the rest of the setion, all Fedosov star-produts are assumed to be of ∇-type and
G-invariant (sine they quantize the g-quasi-Poisson struture πr).
Theorem 3.3. Two strongly invariant Fedosov star-produts are equivalent by a strongly
invariant equivalene if and only if their harateristi 2-forms lie in the same ohomology
lass in HG,2h (M)[[~]].
Proof. Let ∗0 and ∗1 two strongly invariant Fedosov star-produts with respetive hara-
teristi 2-form ω
(0)
~
and ω
(1)
~
.
First assume that ω
(0)
~
= ω
(1)
~
+ dα for some α =
∑
k ~
kα(k) ∈ Ω1h(M)
G[[~]], and dene
ω~(t) = ω
(0)
~
+ tdα. Let Dt = ∂ − δ +
1
~
[r(t),−] be the Fedosov dierential with Weyl
urvature Ω(t) = ω + ~ω~(t). Let H(t) ∈ Γ(M,W ) be the solution of the equation
DtH(t) = −α+ r˙(t)
with σ(H(t)) = 0. Then H(t) is G×H-invariant sine Dt, α and r(t) are. Aording to [9,
Theorem 5.5.3℄ the solution of the Heisenberg equation
dF (t)
dt
+ [H(t), F (t)]◦ = 0 , F (0) = f
establishes an isomorphism Z0D0(W )→ Z
0
D1
(W ), f 7→ F (1) and then the orresponding series
of dierential operators Q : (OM [[~]], ∗0)→ (OM [[~]], ∗1) is obviously G×H-invariant.
Remember from the proof of Proposition 2.5 that in loal Darboux oordinates the Fedosov
dierential writes Dt = d+
1
~
[γ(t),−]◦ and σ
−1
t (h) = h− ιχhγ(t) if h ∈ h. Now remark that
γ˙(t) = r˙(t) and that ιχhr(t) is independent of t. Hene σ
−1
t (h) does not depend on t and
thus Q(h) = h.
Conversely, assume that ∗0 and ∗1 are related by a strongly invariant equivalene with
[ω
(0)
~
] 6= [ω
(1)
~
] in HG,2h (M)[[~]]. Write ω
(i)
~
=
∑
k>0 ~
k−1ω
(i)
k (i = 0, 1) and denote by l the
lowest integer for whih [ω
(0)
l ] 6= [ω
(1)
l ] in H
G,2
h (M). Let us then dene
ω
(2)
~
=
∑
0<k<l
~
k−1ω
(0)
k +
∑
k≥l
~
k−1ω
(1)
k
and ∗2 the strongly invariant Fedosov star-produt with harateristi 2-form ω
(2)
~
. Sine
[ω
(2)
~
] = [ω
(1)
~
] ∈ HG,2h (M)[[~]] then ∗2 is equivalent to ∗1, and hene to ∗0, by a strongly
invariant equivalene. Then we dedue from Lemma 2.3 that C2l+1−C
0
l+1 = π
#
r (ω
(1)
l −ω
(0)
l ),
where Cik's (i = 0, 2) are the ohains dening ∗i. Thus it follows from Proposition 3.1 that
ω
(1)
l − ω
(0)
l is exat and we obtain a ontradition. 
Theorem 3.4. Any strongly invariant quantization of πr is equivalent to a strongly invari-
ant Fedosov star-produt by a strongly invariant equivalene. Therefore the set of strongly
invariant star-produts quantizing πr up to strongly invariant equivalenes is an ane spae
modeled on HG,2h (M)[[~]] = H
2
r (U, g).
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Proof. We follow [4, Proposition 4.1℄.
Let ∗ be an arbitrary strongly invariant quantization of πr. Denote by ∗0 the strongly
invariant Fedosov star-produt with the trivial harateristi 2-form, whih oinides with ∗
up to order 0. Moreover, the skew-symmetri part of the rst order term in ∗− ∗0 vanishes,
hene it follows from Proposition 3.1 that there exists a strongly invariant equivalene Q(0) =
1 + ~Q0 that transforms ∗ into a new strongly invariant quantization ∗
(0)
whih oinides
with ∗0 up to order 1. Now the skew-symmetri part of the seond order term in ∗
(0) − ∗0
yields a losed form ω1 ∈ Ω
2
h(M)
G
.
Denote by ∗1 the strongly invariant Fedosov star-produt with harateristi 2-form ω1.
Lemma 2.3 tells us that the skew-symmetri part of the seond order term in ∗(0)−∗1 vanishes,
hene it follows from Proposition 3.1 that there exists a strongly invariant equivalene Q(1) =
1+~2Q1 that transforms ∗
(0)
into a new strongly invariant quantization ∗(1) whih oinides
with ∗1 up to order 2.
Repeating this proedure we get a sequene of strongly invariant equivalenes Q(k) =
1 + ~k+1Qk (k ≥ 0) and a sequene of losed forms ωk (k > 0) suh that the strongly
invariant quantization ∗(k) obtained from ∗ by applying suessively Q(0), . . . , Q(k) oinides
up to order k + 1 with the strongly invariant Fedosov star-produt ∗k with harateristi
2-form ω1 + · · ·+ ~
k−1ωk.
Finally, the strongly invariant equivalene Q := · · ·Q(2)Q(1)Q(0) transform ∗ into the
strongly invariant Fedosov star-produt with harateristi 2-form ω~ =
∑
k>0 ~
k−1ωk. 
3.3. Classiation of dynamial twist quantizations. Let T be a gauge equivalene of
dynamial twist quantizations J1 and J2 of r. One an view T as an element in Diff(U ×
G)G×H [[~]] suh that T (u) = u for any u ∈ Oh∗ . Moreover if we denote by ∗
′
i the ompatible
quantization of πr orresponding to Ji (i = 1, 2) then it follows from an easy alulation that
T (f ∗′1 g) = T (f) ∗
′
2 T (g) .
Conversely, any G × H-invariant gauge equivalene T from ∗′1 to ∗
′
2 whih is suh that
T (u) = u for any u ∈ Oh∗ , that we will all from now a ompatible equivalene, obviously
gives rise to a gauge equivalene of the dynamial twist quantizations J1 and J2.
Therefore, the set of dynamial twist quantization of r up to gauge equivalenes is in
bijetion with the set of ompatible quantizations of πr up to ompatible equivalenes.
Remember from Proposition 1.7 and Remark 1.8 that any strongly invariant quantization
is equivalent to a ompatible one by a strongly invariant equivalene. Moreover the PBW
star-produt has the following nie property: for any h ∈ h, h∗PBWn = hn. Hene any
strongly invariant equivalene between two ompatible quantizations is atually a ompatible
equivalene. Consequently:
Proposition 3.5. There is a bijetion
{strongly invariant quantizations of πr}
strongly invariant equivalenes
←→
{ompatible quantizations of πr}
ompatible equivalenes
End of the proof of Theorem 0.2. Assume that the dynamial r-matrix is sympleti. Then
Theorem 0.2 follows from Proposition 3.5 and Theorem 3.4. 
4. The quantum omposition formula
In this setion we assume that h = t ⊕ m is a nondegenerate redutive splitting and
we denote by rmt : t
∗ ⊃ V → ∧2h the orresponding sympleti dynamial r-matrix. Let
p : h → t be the t-invariant projetion along m. For any funtion f on h∗ with values in a
h-module L we write f|t∗ for the funtion f ◦ p
∗
on t∗ with values in L viewed as a t-module;
in partiular if f is h-invariant then f|t∗ is t-invariant.
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4.1. The lassial omposition formula (proof of Proposition 0.3). Let ρ : U → ∧2g
be a dynamial r-matrix with Z ∈ (∧3g)g. Then π := πrm
t
+ πρ denes a g-quasi-Poisson
struture (with the same Z) on the manifold X = V ×H × U ×G whih is
• H-invariant with respet to left multipliation on H ,
• H-invariant with respet to the right ation on U ×G,
• T -invariant with respet to the right ation on V ×H .
The right diagonal H-ation, given by (τ, x, λ, y) · q = (τ, q−1x,Ad∗qλ, yq), atually omes
from a momentum map:
µ : X −→ h∗
(τ, x, λ, y) 7−→ λ−Ad∗x−1(p
∗τ) .
Consequently we an apply the redution with respet to µ. The rightH-invariant smooth
map
ψ : X = V ×H × U ×G −→ M := U ∩ V ×G
(τ, x, λ, y) 7−→ (τ, yx)
restrits to a dieomorphism µ−1(0)/H →M with inverse given by
(τ, y) 7−→ (τ, 1, p∗τ, y) (τ ∈ U ∩ V , y ∈ G) .
Remark 4.1. From an algebrai viewpoint, we have an injetive map of ommutative
algebras ψ∗ : OM → OX with values in O
h
X = OX/H and suh that, omposed with the
projetion OhX → O
h
X/(O
h
X∩ < im(µ
∗) >) = Oµ−1(0)/H , it beomes an isomorphism.
Sine ψ is obviously left G-invariant then it remains to show that the indued g-quasi-
Poisson struture on M is πρ|t∗+rmt . Let t, t
′ ∈ t ⊂ Ot∗ and f, g ∈ OG. First of all we
have
{ψ∗t, ψ∗t′}X = {t, t
′}X = [t, t
′] = ψ∗[t, t′] ,
hene {t, t′}M = [t, t
′]. Then
{ψ∗t, ψ∗f}X = {t, f(yx)}X =
−→
t H · (f(yx)) = (
−→
t · f)(yx) = ψ∗(
−→
t · f) .
The third equality follows from the left H-invariane of
−→
t H . Thus {t, f}M =
−→
t · f . Finally
{ψ∗f, ψ∗g}X(τ, x, λ, y) =
−−−→
rmt (τ)
H · (f(yx), g(yx)) +
−−→
ρ(λ)G · (f(yx), g(yx))
=
(−−−→
rmt (τ) · (f, g)
)
(yx) +
(−−−−−→
ρ(Ad∗xλ) · (f, g)
)
(yx) .
Therefore, when restriting to µ−1(0) one obtains
{ψ∗f, ψ∗g}X(τ, x,Ad
∗
x−1(p
∗τ), y) =
(−−−→
rmt (τ) · (f, g)
)
(yx) +
(−−−−→
ρ(p∗τ) · (f, g)
)
(yx)
= ψ∗
(−−−−−−−→
(rmt + ρ|t∗) · (f, g)
)
.
Therefore {f, g}M =
−−−−−−−→
(rmt + ρ|t∗) · (f, g). This ends the proof of Proposition 0.3. ✷
4.2. Quantization of the momentum map µ. Let us rst onsider (V ×H, πrm
t
). There
is a momentum map
ν : V ×H −→ h∗
(τ, x) 7−→ −Adx−1(p
∗τ)
with orresponding right H-ation on V ×H given by (τ, x) · q = (τ, q−1x).
Like in subsetion 2.3 one has a T -invariant and H-invariant torsion free onnexion on
V × H , therefore from Proposition 2.5 the orresponding Fedosov star-produt ∗ is both
strongly h-invariant and strongly t-invariant5.
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Remind that we also have a momentum map V ×H → t∗; (τ, x) 7→ τ with orresponding right T -ation
given by (τ, x) · b = (Ad∗
b
(τ), xb).
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Then Proposition 1.7 tells us that there exists a strongly t-invariant (and H-invariant)
equivalene Q suh that ∗′ := ∗(Q) is a ompatible quantization of πrm
t
. Consequently we
an dene the following algebra morphism:
N := Q−1 ◦ U(ν∗) ◦ sym : (Oh∗ [[~]], ∗PBW )→ (OV×H [[~]], ∗
′) .
It is obviously a quantization of the Poisson map ν and, moreover, for any h ∈ h and any
f ∈ OV×H one has
[N(h), f ]∗′ = Q
−1
(
[ν∗h,Q(f)]∗
)
= Q−1(~{ν∗h,Q(f)}) = ~{ν∗h, f} .
In other words, N is a quantum momentum map quantizing ν.
Let us now assume that we know a dynamial twist quantization J(λ) : U → ⊗2Ug[[~]] of
ρ(λ) (with some assoiator Φ) and denote by ∗J the orresponding ompatible quantization
of πρ on U ×G. Together with ∗
′
it indues a quantization ∗′J of πrmt + πρ on X (with the
same Φ).
Remark 4.2. Atually ∗′J is the ompatible quantization orresponding to the dynamial
twist quantization J(τ, λ) := Jmt (τ)J(λ) : (t ⊕ h)
∗ ⊃ V × U −→ ⊗2U(h ⊕ g)[[~]] of the
dynamial r-matrix r(τ, λ) := rmt (τ)+ρ(λ) : V ×U −→ ∧
2(h⊕g). Here Jmt is the dynamial
twist quantizing rmt .
For any f ∈ Oh∗ we dene M(f) := (N⊗ inc) ◦∆(f) ∈ (OV×H ⊗OU×G)[[~]] = OX [[~]].
Here inc : Oh∗ →֒ OU×G is the natural inlusion and ∆ : Oh∗ → Oh∗ ⊗ Oh∗ = Oh∗×h∗ is
dened by ∆(f)(λ1, λ2) = f(λ1 + λ2).
Proposition 4.3. The algebra morphism
M : (Oh[[~]], ∗PBW ) −→ (OX [[~]], ∗
′
J)
is a quantum momentum map quantizing µ.
4.3. Quantization of the omposition formula (proof of Theorem 0.4). Let us as-
sume that J is a dynamial twist quantization of ρ and keep the notations of the previous
subsetion.
Denote by I the right ideal generated by im(M) in (OX [[~]], ∗
′
J) and onsider the redued
algebra A := OhX [[~]]/O
h
X [[~]]∩I. Let Ψ = ψ
∗+O(~) be the omposition of ψ∗ : OM [[~]]→
OhX [[~]] with the projetion O
h
X [[~]] → A
∼= Oµ−1(0)/H [[~]]. It is obviously bijetive and
G-invariant (sine ψ∗ is), therefore it denes a quantization ∗˜ of the quasi-Poisson struture
πrm
t
+ρ|t∗ . We end the proof of Theorem 0.4 using the following proposition:
Proposition 4.4. ∗˜ is a ompatibe quantization.
Proof. First of all for any u, v ∈ Ot∗ one has
(ψ∗u) ∗′J (ψ
∗v) = u ∗′J v = u ∗PBW v = ψ
∗(u ∗PBW v) .
Consequently u∗˜v = Ψ−1(Ψ(u) ·A Ψ(v)) = u ∗PBW v.
Then let u ∈ Ot∗ and f ∈ OG. On one hand
(ψ∗f) ∗′J ψ
∗u = (f(yx)) ∗′J u = f(yx)u = ψ
∗(fu)
and thus f ∗˜u = fu. On the other hand for u = tn (t ∈ t) one has
ψ∗(tn) ∗′J (ψ
∗f) = (tn) ∗′J (f(yx)) =
n∑
k=0
~
kCkn
(
(
−→
t H)k · (f(yx))
)
tn−k
=
n∑
k=0
~
kCkn(
−→
t k · f)(yx)tn−k = ψ∗
( n∑
k=0
~
kCkn(
−→
t k · f)tn−k
)
.
Therefore tn∗˜f =
∑n
k=0 ~
kCkn(
−→
t k · f)tn−k. The proposition is proved. 
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